It was recently highlighted that nonreciprocal surface waves can be stopped in suitably designed waveguides, leading to the formation of hotspots wherein the electromagnetic fields are massively enhanced. Here, we prove that this phenomenon has a topological origin and is related to a breakdown of the bulk-edge correspondence in electromagnetic continua with no spatial cut-off. Our theoretical analysis shows that nonreciprocal electromagnetic continua can used to realize energy sinks with ultra-singular fields that absorb all the energy generated in their surroundings. Moreover, it is proven that similar energy sinks may be formed in fully reciprocal optical platforms with a parity-timeduality ( • • ) symmetry.
I. Introduction
The use of topological ideas in optics is one of the most exciting theoretical developments in photonics in recent years [1, 2] . The dawn of topological photonics may be linked to the pioneering work of Haldane and Raghu [1] where it was shown that the different topological phases of a photonic crystal can be classified by integer numbers, known as Chern invariants. The topological invariants are determined by the photonic band structure of the material and a gap Chern number can be assigned to each band-gap [1] . Notably, topological materials may allow for back-scattering immune wave propagation at the boundaries, even though they do not support bulk states. This remarkable result has led to the development of many topological-inspired photonic systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
The net number of unidirectional edge modes in a topological system is determined by the bulk edge correspondence principle [3, 20, 21, 22] . Importantly, the topological classification of a photonic material is usually restricted to materials with an intrinsic periodicity, for instance a photonic crystal [23] , as it is necessary that the underlying wave vector space is a closed surface with no boundaries [24] . In electromagnetic continua the wave vector (k) space is the unbounded Euclidean space, and hence generically such structures cannot be topologically classified. Notably, it was recently demonstrated that it is possible to characterize the topological phases of a wide class of bianisotropic continua [24] with a spatial cut-off max k that guarantees that when k  the material response becomes reciprocal (and asymptotically the same as that of a standard dielectric).
Yet, the response of most conventional materials is to an excellent approximation local, i.e., independent of the wave vector, and thereby typical material models do not include an explicit cutoff. In Ref. [21] it was shown that the role of the spatial cut-off 3 can be imitated in practice by separating the relevant materials with a small air gap.
Specifically, a tiny air gap with thickness d may accurately mimic a cutoff max~1 / kd [21] . Under this framework, the bulk-edge correspondence principle can be used to predict the number of unidirectional edge-states in conventional systems formed electromagnetic media with no intrinsic periodicity [21] . Therefore, the application of topological methods to electromagnetic continua is subtler than in photonic crystals, as it is essential to ensure that the spatial cut-off is implemented in the platform of interest, e.g., with a small air gap or alternatively taking into account charge diffusion effects [25] .
Interestingly, some authors demonstrated the possibility of concentrating electromagnetic energy in tight regions of space using either tapered plasmonic waveguides [26] [27] [28] or nonreciprocal surface waves [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Most remarkably, it has been shown that in some conditions it is possible to completely stop a propagating nonreciprocal surface wave and that this effect may lead to the formation of hotspots where the electromagnetic fields are greatly enhanced [34] [35] [36] [37] [38] . Here, we highlight for the first time that this phenomenon has a topological origin and is due to a breakdown of the bulk-edge correspondence [21] . Consistent with Refs. [34] [35] [36] [37] [38] , we find that nonreciprocal materials without a spatial cut-off (or more generally with weak spatial dispersion) enable the formation of energy sinks that take in all the energy generated in the surroundings. Different from conventional absorbers where the dissipation is distributed in space, in an energy sink the absorption occurs in an extremely tight region of space and is free of back-scattering. We develop a theoretical formalism to characterize the energy sinks and show that in a pumped scenario and in the hypothetical limit of no material absorption, the system cannot reach a stationary state and that the energy stored in the "sink" may grow steadily with time. In realistic 4 systems, the energy accumulated in the sink is dissipated in the form of heat and the fields may be characterized by ultra-singularities, i.e., have such a strong divergent behavior that the stored energy density is "almost" non-integrable. Furthermore, relying on the concept of parity-time-duality ( ) invariance [18] , it is demonstrated that similar electromagnetic sinks may be formed in time-reversal invariant (reciprocal)
systems. Specifically, we propose for the first time a route to realize reciprocal energy sinks that can drag towards their interiors all the energy generated in the surrounding environment with no reflections, leading to full absorption in a very tight region of space. Electromagnetic sinks may be useful to improve the efficiency of solar cells [39, 40] or to enhance nonlinear effects, e.g., in surface-enhanced Raman spectroscopy [41] [42] [43] , higher harmonic generation and frequency conversion [44] [45] [46] [47] , and fluorescent absorption [48] [49] [50] .
This article is organized as follows. In Section II, it is highlighted that the bulk-edge correspondence principle breaks down in electromagnetic continua and that backscattering immune edge states offer the opportunity to greatly enhance the electromagnetic fields. In Section III, it is shown that nonreciprocal effects may lead to the formation of ultra-singular electromagnetic sinks in systems with no wave vector cut-off. Furthermore, we propose a solution to have similar "sinks" in time-reversal invariant optical platforms. Finally, in Section IV the conclusions are drawn. The time dependence of the electromagnetic fields is assumed of the type
II. Breakdown of the bulk-edge correspondence
To illustrate the peculiarities of nonreciprocal systems formed by electromagnetic continua, we consider an edge-type waveguide formed by a gyrotropic material halfspace and a metal half-space, separated by an air gap with thickness d. The structure is invariant along the z-direction, as shown in Fig. 1 . The gyrotropic material is modeled by the relative permittivity tensor Note that the ˆt  z1 represents the matrix
. For a magnetized plasma (e.g., a magnetized semiconductor such as InSb) the permittivity components satisfy [51] : The gap Chern numbers are found by enforcing a high-frequency cut-off in the material response, as explained in Refs. [24, 52] . The results of Fig. 2a . Furthermore, when the gap is removed, the material interface does not support edge modes in the common band-gap and thereby the bulk-edge correspondence breaks down when the spatial cut-off is not enforced (in the present example, the spatial cut-off is determined by the air-gap between the materials max~1 / kd ) [21] . Next, we analyze how the singular behavior of the edge-mode dispersion can impact the edge mode propagation in a waveguide with a tapered gap (see Fig. 3b ). From Fig.   3a , the fields are concentrated in the air gap, and hence as 0 d  one may expect a strong field enhancement because the edge mode is immune to backscattering, i.e., it cannot be reflected back to the source and it cannot leak to the bulk regions. Figure 3c depicts (see the solid blue line) the profile of the electric field x E calculated at the metal-air interface of the tapered guide using CST-MWS [53] . The results confirm that the electric field may be significantly enhanced when the separation between materials becomes smaller. The electric field enhancement is roughly 10 times when the gap thickness is reduced by the same factor. Furthermore, the amplitude of the electric field is nearly constant in each uniform section of the waveguide.
Interestingly, the field enhancement can be precisely predicted using analytical methods. Indeed, due to the absence of back-scattering, the power flow along the xdirection must be independent of x in the absence of material loss, i.e., (dashed-green line). Notwithstanding the complexity of the tapered waveguide, the 10 theory agrees almost exactly with the full wave simulation. The reason is that the inexistence of scattering channels makes the adiabatic approximation almost exact.
Indeed, because of the conservation of energy, the amplitude of the fields in a uniform section of the waveguide (with a constant d and sufficiently far from the abrupt transitions) must be independent of the considered tapering.
The electric field x E at the metal-air interface was calculated as a function of the thickness of the air gap (Fig. 3d) . The full wave results (discrete symbols) are restricted to a minimum thickness   
III. Topological electromagnetic sinks

A. Nonreciprocal energy sink
The analysis of the previous section raises an obvious question: "what happens if the cross section of the waveguide is modified so that the gap thickness is abruptly reduced down to precisely zero"? (see Fig. 4a) . Remarkably, such a scenario creates a deadlock for the guided mode propagating in the "input" waveguide (guide with the finite gap 0 0.5 Fig. 4a ). At the junction point an incoming wave has no place to go: it cannot propagate in the "output" waveguide (with 0 d  ), it cannot escape to the bulk regions and it cannot be back-reflected because the edge mode is immune to backscattering. Therefore, in the ideal case of lossless materials, the electromagnetic energy is forced to accumulate at the connection point between the waveguides, which behaves as an energy sink. This phenomenon was previously discussed in the literature 11 [34] [35] [36] [37] [38] , but its topological origin, unveiled here by our analysis, was unnoticed.
Furthermore, it is known since the 50's of last century that similar "propagation deadlocks" can be created in closed metallic waveguides partially filled with ferrites [29] [30] [31] [32] . In particular, these pioneering studies highlighted that a wave cannot be stopped without material absorption because this would violate the third law of thermodynamics [29] [30] [31] [32] . To begin with, we numerically illustrate the emergence of a "sink" in systems formed by dissipative materials using full wave simulations. Figure 4 shows time 12 snapshots of the stationary electric field for a time harmonic excitation when the input and output guides are directly connected, 1 0 d  (Fig. 4b) , and when the two guides are coupled by a square cavity (Fig. 4c) . The input guide (on the right-hand side) is fed by an edge mode that propagates along the x-direction, and the materials are the same as in Fig. 2 . As seen, in both examples an electric field sink is created at the junction of the waveguides. The electric field intensity is depicted in Fig. 4d for the example of Fig. 4c and reveals an amplitude enhancement on the order of 50. The enhancement factor of the electric field in the sink depends on the loss level, and may be arbitrarily large when the dissipation terms approach zero (see Fig. 3d ; here, we note that when the material loss is small it is challenging to obtain fully converged results using a numerical simulator because of the ultra-singular behavior of the fields near the junction). Note that due to the absence of scattering channels, all the incoming energy is dragged into the sink where it is dissipated. Evidently, when the system has additional lossy elements, e.g., if a lossy nanoparticle is placed near the sink, part of the energy may be dissipated outside the sink. Yet, even in this case there are no back-reflections.
Applying the Poynting theorem to some volumetric region V enclosing the junction we get the dissipation rate at the considered 13 frequency due to material absorption. Hence, in our system the time evolution of the stored energy is determined by:
With material loss, it is possible to reach a stationary-state when the excitation is time- Thus, the system of Fig. 4 is quite unique as in the limit of no material loss it can accumulate all the incoming energy at the vertex. It should be noted that realistic materials may have some high-frequency spatial cutoff due to their granular nature [21] or due to charge diffusion effects [25] . In principle, such a cut-off ensures that the waveguide in Fig. 4a supports edge states even when 0 d  [21, 25] . In that case, the characteristic size of the edge states is on the order of the atomic lattice constant [21] or of some characteristic diffusion length [25] . Thus, in realistic situations the edge states are extremely confined at the interface when 0 d  [21] , and thus will be strongly damped by unavoidable material loss. Therefore, a 14 hypothetical high-frequency spatial cut-off due to the material granularity does not preclude the formation of the energy sinks discussed here.
B. "Wedge" energy sink
To further illustrate the peculiar properties of the topological energy sink, next we present a quasi-static analytical analysis of the fields near a nonreciprocal "wedge" with a geometry as in Fig. 5 , and characterize the field singularities at the vertex (a related study was done by Ishimaru in [32] , but without the quasi-static approximation). The 
The boundary condition at the PMC interface leads to cot / 2 Re  as a function of the collision frequency  of the magnetized plasma for the two possible orientations of the static magnetic bias. As seen, the real part of 0  is positive only when the magnetic bias is oriented along the +z-direction ( 0 0   ). As illustrated in Fig. 5a , in this scenario the edge-state propagating at the PEC boundary flows towards the wedge vertex which behaves as an "energy sink". In contrast, for the opposite orientation of the magnetic bias (Fig. 5b) , the edge mode flows away from the vertex, and there is no sink. In summary, as 0   the fields near the vertex become ultra-singular only when 0 0   . In this case, the energy density of the n=0 solution is non-integrable in the limit 0  consistent with the fact that the energy sink does not support stationary solutions (the energy near the vertex grows linearly with time). It should be noted that the same singularity strength was analytically derived in Ref. [36] , but for a ferrite-loaded waveguide. We performed a full wave simulation of the field radiated by a short dipole placed near the gyrotropic material-PEC interface, for both orientations of the magnetic bias. The computed electric field profile is represented in Fig. 5d and confirms that the field is ultra-singular at the vertex only when 0ẑ B  Bz . When the magnetic field is biased in the opposite direction, the dipole excites an edge mode that propagates away from the wedge vertex and thereby does not create an electromagnetic field hotspot.
The quasi-static solution (3) yields an electric field of the form . We also did a similar study for a n-doped magnetized Si [56, 57] (not shown); due to the stronger material loss it is impractical to have
 
Re  significantly less than one. 
C. Reciprocal energy sink
The results of the previous sections may suggest that the formation of "energy sinks" is only possible when the time-reversal symmetry is broken so that the propagation can be unidirectional. Surprisingly, we demonstrate in what follows that energy sinks can also be formed in reciprocal systems, which are inherently bidirectional.
As a starting point, we consider a modified wedge-structure (see Fig. 7a ) such that the gyrotropic material has both an electric and a magnetic response. Specifically, it is supposed that the electric response is characterized by a relative permittivity tensor Importantly, the response to TE-polarized waves is dual of that for TM-waves.
Indeed, for TE waves the relevant components of the hyperbolic metamaterials are and -x (TM-wave).
Remarkably, it was demonstrated in Ref. [18] that  invariant structures formed by nonreciprocal materials analogous to the ones considered here, can be mapped with a duality transformation into -invariant reciprocal structures. A generic duality transformation only acts on the electromagnetic fields, and does not affect either the space or time coordinates [60] [61] [62] . .
The unprimed fields are associated with the nonreciprocal wedge structure, whereas the primed fields with the duality transformed wedge structure (see Fig. 7 ). The MHM-I and MHM-II are invariant under the considered duality transformation. In contrast, the matched gyrotropic material is mapped into a reciprocal material with an  -coupling.
The  -medium is characterized by the 6×6 material matrix [18] 
The anti-diagonal elements of M determine the magnetoelectric coupling tensors and the main diagonal elements the permittivity and permeability tensors of the material.
Moreover, the constitutive parameters of the duality-transformed material satisfy Engheta [63] [64] [65] [66] and recently received significant attention in the context of photonic topological insulators [12, 13] due to their potentials to guide electromagnetic energy with no backscattering [12, 13, 18] . It was shown in Ref. [18] Thus, duality theory allows us to map the nonreciprocal wedge waveguide, into a fully reciprocal structure that also behaves as an energy sink. Indeed, by duality it is clear that 23 the MHM-I interface of the  -material wedge does not support edge waves. On the other hand, the MHM-II interface supports a spin  edge mode that propagates towards the vertex with no back-reflections, and a spin  edge mode that propagates away from the vertex. Therefore, albeit the structure is fully reciprocal, the vertex will behave as an energy sink of any the radiation generated near the MHM-II interface with spin  polarization (see Fig. 7b ). In contrast, the spin  edge mode flows away from the sink, as shown in Fig. 7c . The spin  and the spin  waves are protected against backscattering from any perturbation that does not break the  symmetry [18] .
In the present example, this property is a simple consequence of the duality link between the reciprocal system and the non-reciprocal gyrotropic system. The topological insulators of Khanikaev et al [12, 13] are particular cases of -symmetric systems. Even though the considered structure is admittedly very challenging to realize, it can be in principle implemented using the metamaterial concept [13, 67] .
Furthermore, we believe that similar energy sinks can be observed in simpler reciprocal material platforms, but a detailed discussion is left for future work.
IV. Conclusions
It was theoretically demonstrated that the formation of electromagnetic hotspots in nonreciprocal waveguides has a topological origin and is deeply rooted in the breakdown of the bulk edge correspondence in systems without a wave vector cut-off.
Our analysis unveils that hotspots with a topological origin behave as "energy sinks"
that absorb all the energy generated in their surroundings with no back-scattering. The electromagnetic field near the topological sinks can be ultra-singular, and in the hypothetical limit of vanishing material loss the stored electromagnetic energy can grow steadily (linearly) with time when the sink is pumped by some external excitation. In 24 realistic systems, the energy dragged towards the sink is dissipated in its neighborhood.
Furthermore, using duality theory it was shown that similar energy sinks can be formed in reciprocal -invariant systems. We believe that these findings can be useful for energy harvesting and to enhance nonlinearities. 
The edge mode dispersion is calculated by setting the determinant of the matrix B equal to zero, and is equal to [21] :
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